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Abstract 



We prove a necessary optimality condition of Euler-Lagrange type for variational problems on 
^O I time scales involving nabla derivatives of higher-order. The proof is done using a new and more 

general fundamental lemma of the calculus of variations on time scales. 
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1. Introduction 

The theory of time scales was bom in 1988 with the work of Stephan Hilger Ill2!l . providing 
a 



rich theory that unify and extend discrete and continuous analysis la |7|]. The study of the 
K*" I calculus of variations in the context of time scales has it's beginning in 2004 with the paper ||4|] 

^^ ■ of Martin Bohner. The main result of [4] is an Euler-Lagrange necessary optimality equation for 

a first order variational problem involving delta derivatives on a time scale T: 



Theorem 1 (|4]). Ify, e C^^ is a weak local extremum of the problem 



op. XWO]= ^t,y''{t),y\t))^t^^m, yia) ^ a, y(b) ^ p, (1) 

J a 



where (t, w, v) — > L(t, u, v) is a C^ function, then the Euler-Lagrange equation 

L^Jt,y'^(Ayt(t)) = LAt,y'^(t),yt(t)) 

holds for t e [a, b]". 

Since the pioneer work j^ of Martin Bohner, Theorem[T]has been extended in several different 
directions in order to analyze variational problems on time scales with: (i) non-fixed boundary 
conditions fOj; (ii) two independent variables ||5|]; (iii) higher-order delta derivatives \^; (iv) 
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an invariant group of parameter-transformations ll31]; (v) multi objectives 01411 : (vi) isoperimetric 
constraints [10]. A different direction of study, which seems of special interest to applications, 
in particular to economics, is given in 1 1] where a Euler-Lagrange type equation is obtained for 
a first order variational problem on time scales involving nabla derivatives instead of delta ones: 

Theorem 2 (IJJ)- If a function y, E C^ provides a weak local extremum of the problem 

rp{b) 

Z{y{-)]^ L(f,/(0,/(0)Vf^extr, y{p\a)) ^ a , y{p{b)) ^ p, (2) 

Jp\a) 

where (t, u, v) —> L(t, u, v) is a C^ function of{u, v)for each t e [p^{a),p{b)] c T, then y^ satisfies 
the Euler-Lagrange equation 

Lyt,/M,yiit)) = Ly,{t,/M,yl{t)) 

for t e [p(fl), bl 

The proof of Theorem |2] found in UJ has, however, some inconsistences |8]. Moreover, the 
nabla problem (|2| is defined in a way that is not completely analogous to the more studied and 
established delta problem ([T]i (i.e., one does not obtain (|2]i from ([T]i by simply substituting the 
forward jump operator cr by the backward jump operator p and the delta derivative A by the 
nabla derivative V). The main goal of this paper is to generalize the results of uJ] to higher-order 
nabla variational problems on time scales in a consistent way with the delta theory. This is done 
by first proving some new fundamental lemmas of the calculus of variations on time scales that 
fix the inconsistencies of |1] pointed out in (sl]. Compared with the delta approach followed in 
||9[], our technique provides a simpler and more direct proof to the higher-order Euler-Lagrange 
equations. Moreover, our proof seems to be new even for the continuous time T = M. 

The paper is organized as follows. In Section|2]we collect all the necessary elements of the 
nabla calculus on time scales. In Section[3]we state and prove our results: in g3.1l we prove a new 
and more general fundamental lemma of the calculus of variations on time scales (Lemma [T6b: 
in g3.2l we obtain a higher-order nabla differential Euler-Lagrange equation (Theorem [TTIi. As 
an example, we give the Euler-Lagrange equation for the q-calculus variational problem (Corol- 
lary [H. 

2. Preliminary results 

For a general introduction to the calculus on time scales we refer the reader to the books 
ia lZD . Here we only give those notions and results needed in the sequel. More precisely, we are 
interested in the nabla approach to time scales [2]. As usual, M, Z, and N denote, respectively, 
the set of real, integer, and natural numbers. 

A Time Scale T is an arbitrary non empty closed subset of M. Thus, K, Z, and N, are trivial 
examples of times scales. Other examples of times scales are: [-1,4] IJN, /iZ := {hz\z e Z} for 
some h > 0, q^"^" :- {q''\k € No} for some ^ > 1, and the Cantor set. We assume that a time scale 
T has the topology that it inherits from the real numbers with the standard topology. 

The forward jump operator cr : T — > T is defined by cr{t) - inf {s e T : s > f} if f t^ 
sup T, and cr(sup T) = sup T. The backward jump operator p : T — » T is defined by p(t) = 
sup {.? e T : 5 < f) if f ^ inf T, andp(inf T) = inf T. 



A point f E T is called right-dense, right-scattered, left-dense and left-scattered if cr(f) = t, 
cr{t) > t, p(t) - t, and p(f) < t, respectively. We say that f is isolated if pit) < t < cr(f), that 
f is dense if p(f) — t — cr(t). The (backward) graininess function v : T — > [0, oo) is defined 
by v{t) - t - p{t), for all f E T. Hence, for a given t, v{t) measures the distance of t to its left 
neighbor. It is clear that when T = R one has cr{t) - t - pit), and v{t) - for any t. When 
T = Z, cr(f) - t +1, p(t) - t-l, and v(f) = 1 for any t. 

In order to introduce the definition of nabla derivative, we define a new set T^ which is 
derived from T as follows: if T has a right-scattered minimum m, then T^^ = T \ [m]; otherwise, 
T^ = T. 

Definitionl. We say that a function / : T — > M is nabla dijferentiable at f E T^ if there is a 
number /^(f) such that for all s > there exists a neighborhood U of t (i.e., U =]f - (J, f + 6[r\T 
for some 6 > 0) such that 

\f(p(t)) - f(s) - f^{t){p{t) - s)\ < s\p(t) - s\, for all s E U. 

We call f^it) the nabla derivative of f at f. Moreover, we say that / is nabla differentiable on T 
provided /^(f) exists for all f E T^. 

Theorem 3. Let T be a time scale, / : T — » K, and t E T^^. The following holds: 

1 . If f is nabla dijferentiable at t, then f is continuous at t. 

2. If f is continuous at t and t is left-scattered, then f is nabla dijferentiable at t and 

.v.. ^ m-f(p{t)) 
^ t-pit) ■ 

3. Ift is left-dense, then f is nabla dijferentiable at t if and only if the limit 

limM^/^ 

s^t t - S 

exists as a finite number. In this case, 

f^,f,^,^mzm. 

s^t t - S 

4. Iff is nabla differentiable at t, then f(p(t)) = /(f) - v{t)f (t). 

Remarkl. When T = M, then / : M ^ M is nabla differentiable at f E M if and only if 

/V(0.1imM^/^ 

s^t t - S 

exists, i.e., if and only if / is differentiable at t in the ordinary sense. When T = Z, then 
/ : Z — > M is always nabla differentiable at f E Z and 

f\t).l^zM!ll-fit)-fit-i), 
t-p(t) 

i.e., /^ is the usual backward difference. For any time scale T, when / is a constant, then /^ - 0; 
if f{t) - kt for some constant k, then /^ - k. 
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In order to simplify expressions, we denote the composition f ° phy f^. We also use the 
standard notation p°(f) = t, cr"(f) - t, p"(t) - (p o p""')(0, and cr"(t) - (cr o cr""')(f) for n e N. 

Theorem 4. Suppose /, g : T — > K are nabla dijferentiable at t E T^. Then, 

1. the sum / + ^ : T ^ R w nabla dijferentiable at t and (/ + ^)^(f) — f^(t) + g^{f); 

2. for any constant a, af : T — > R w nabla dijferentiable at t and (af)^(t) = af^(t); 

3. the product /§ : T — > M w nabla dijferentiable at t and 

(fgfit) = f^(t)8(t) + fP(t)g\t) 

= f^(t)8P(t) + f(t)g\t). 

Nabla derivatives of higher order are defined in the standard way: we define the r'^-nabla 
derivative (r e N) of / to be the function /^' : T^^r — > R, provided /^' is nabla differentiable on 

T.. := (T,,-i),. 

Definition2. A function F : T — > R is called a nabla antiderivative of / : T — > R provided 

F^(t) = fit), \ft e T,. 
In this case we define the nabla integral of / from ato b (a,b e T) by 



f 

Ja 



f(tWt:^F(b)-F(a). 



In order to present a class of functions that possess a nabla antiderivative, the following 
definition is introduced: 

Definitions. Let T be a time scale, / : T — > M. We say that function / is Id-continuous if it is 
continuous at the left-dense points and its right-sided limits exist (finite) at all right-dense points. 

Some results concerning Id-continuity are useful: 

Theorem 5. Let T be a time scale, / : T ^ M. 

1 . Iff is continuous, then f is Id-continuous. 

2. The backward jump operator p is Id-continuous. 

3. Iff is Id-continuous, then f is also Id-continuous. 

4. IfT — M, then f is continuous if and only iff is Id-continuous. 

5. IfT — Z, then f is Id-continuous. 

Theorem 6. Every Id-continuous function has a nabla antiderivative. In particular, if a e T, 
then the function F defined by 

F(t)^ f/WVT, fET, 

Ja 

is a nabla antiderivative off. 



The set of all Id-continuous functions / : T -^ R is denoted by Cid(T, M), and the set of all 



nabla differentiable functions with Id-continuous derivative by C?,(T, R) 



Theorem 7. /// e Cu(T, R) and t e T^, then 



Jpit) 



/(r)VT = v{t)f{t). 

Pit) 

Theorem 8. Ifa,b,ceT,a<c<b,aeR, and f,ge Cu(T, R), then 

Jr^b r^b r^b 

(.m + g{f))Vt^ f(tWt+ g{t)Vt; 
a Ja Ja 

/-*b /-*b 

2. afitWt = a f{t)Vt; 

Ja Ja 

3. r f(t)vt = - r fitwt; 

Ja Jh 

4. r f(t)Vt = 0; 

Ja 

5. r /(ovf= r /(ovf+ r /(ovf,- 

J a J a Jc 

6. //"/(O > Ofor alia <t <b, then I f(t)Vt > 0; 

8. r /(o^^(ovf = [(/^)(o];=' - r /(o/(ovf. 

The last two formulas on Theorem[8]are usually called integration by parts formulas. These 
formulas are used several times in this work. 



Remark2. Let a,b eT and f e Cw(T, R). For T = R, then £ f(t)Vt = £ f(t)dt, where the 

Jr-h b 

f(t)vt - y fit) if 

pb pb a 

a<bA f{i)Tlt = if fl = /?, and I /(f) Vf = - ^ f{t) \ia>b. 

Let a,b eT with a < b. We define the interval [a, b] in T by 

[a,b] :={f €T:fl<f <fe). 

Open intervals and half-open intervals in T are defined accordingly. Note that [a, b}^ - [a, b} if 
a is right-dense and [a, b}k - Wifl), b} if a is right-scattered. 



3. Main results 

Our main objective is to establish a necessary optimality condition for problems of the calcu- 
lus of variations with higher-order nabla derivatives. We formulate the higher-order variational 
problem with nabla derivatives as follows: 

XW-)]= L(f,/(0,/"^(0,...,/^"(0,/'(0)Vf^extr, 



L(f,/(0,/"^(0, 

) 


..,/^'"(0,/'(0)Vf 


y{(T'-Ha)) = ao. 


y{b)^l3Q, 


'"'((r^-'(fl)) = a,_i, 


/'"(/7)=^,_l, 



(P) 



/ 

where r e N. We assume that: 

1 . The admissible functions y are of class 

C^'\[a, /?], M) := {y : [a, /?] n T -» R I /'' is continuous on [a, b],2r] . 

2. a,b eT,a <b, and [a, /?] n T has, at least, 2r + I points (cf. Remark [T2]i: 

3. the Lagrangian L(t, uq,ui,. . . , u,) has (standard) continuous partial derivatives with respect 
to Mo, • ■ • , Ur, and partial nabla derivative with respect to t of order r + 1. 

Remarks. For T = R problem ^ coincides with the classical problem of the calculus of vari- 



ations with higher-order derivatives (see, e.g., Ollll V Similar to R, the results of the paper are 



easily extended to the vectorial case, i.e., to the case when admissible functions y belong to 

C^''([a,b],R")- 

Remark4. For r = 1 , problem (|P]i provides the nabla analog of the delta problem on time scales 
([U studied in |l3l|4lll3lll4)l, thus providing, in our opinion, a better formulation than that of |jl|] 
(cf. (I2]i). For r > 1, restrictions to the time scale T must be done in order for dFJi to be well 
defined (cf. Remark|6]below). 

We begin with some technical results that will be useful in the proof of our fundamental 
lemmas (cf. 93.1b . 

Proposition 9. Suppose that a, b eT, a < b, and f € Cid([a,b],K) is such that f > on [a,b]. 
IfJ^ f(t)Vt = 0, then / = on [a, b],. 

Proof. Suppose, by contradiction, that there exists to e [a, b]^ such that /(fo) > 0. If fo is 
left-scattered, then by the properties of the integral (Theorems |7] and |8]i we may conclude that 

nh np(to) n'o rh 

fitWt = f(twt+ f(t)Vt+ f{t)vt 

Oa *Ja «7p(ro) 'J to 



•JpCo) 



/(OVf = /(fo)(fo-p(fo))>0 
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which leads to a contradiction. Suppose now that fo is left-dense. If to + a, then by the continuity 
of/ at f() we may conclude that there exists a 5 > such that, for all t e]fo - 5, fo], /(O > 0. Since 

f(t)vt = fitwt+ f{t)vt+ f{t)Vt 

a *Ja J Iq-S J Iq 

f(t)Vt > 



r-ta 
I 



we get a contradiction {5 may be chosen in such a way that to - 6 > a). It remains to study the 
case when to - a. If fo = a is right-dense, then by the continuity of/ at to we may conclude that 
there exists a 5 > such that, for all t e [fo, fo + 6{, fit) > 0. Since 



/(OVf = /(f)Vf+ /(f)Vf 

Ja Jia Jio+S 



f 

J la 



■io+6 

f{t)Vt > 



we obtain again a contradiction. Note that if fo = a and a is right-scattered, then a i [a, b]^. 



r 



Remarks. In Proposition |9] we cannot conclude that / = on [a,b]. For example, consider 
T = {1,2, 3, 4, 5) and /(f) = 1 if f = 1 and /(f) - otherwise. Clearly, / is continuous and / > 
on T. We have 

-5 

/(f)Vf = ^/(f) = 0, 

but/?iOon[l,5]. 

From now on we restrict ourselves to time scales T that satisfy the following condition (//): 

(H) for each f E T, (r - 1) (p(t) - ait - ao) - for some oi e IR+ and ao e K. 

Remark6. Condition (H) is equivalent to r = 1 orp(f) = ait + ao for some oi e M^ and oo £ ^■ 
Thus, for the first order problem of the calculus of variations we impose no restriction on the 
time scale T. For the higher-order problems (i.e., for r > 1) such restriction on the time scale 
is necessary. Indeed, for r > 1 we are implicitly assuming in (|P| that p is nabla differentiable, 
which is not true for a general time scale T. 

Remark?. Let r > I. Condition (H) implies then that p is nabla differentiable. Hence, v is also 
nabla differentiable andp^(f) - ai, t e T,^. Also note that condition (H) englobes the differential 
calculus (T = M, fli = 1, ao = 0), the difference calculus (T = Z, ai - 1, ao - -1), and the 
q-calculus [T - {q'' : k e No) for some q > I, ai = -, ao = 0). 

Lemma 10. Let f e T^^ and t + max T {if the maximum exists) satisfy the property p(t) < crit) — t. 
Then, the backward jump operator p is not nabla differentiable at t. 

Proof. We prove that p is not continuous at f E T^ \ {maxTj, which implies that p is not nabla 
differentiable at f. We begin by proving that limj^,+ p{s) = f. Let e > and take 6 - s. Then, for 
all s e]t, f -H (5[ we have \p{s) - t\ < \s - t\ < 6 = s. Since p(f) + t, pis not continuous at f. 
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The following simply remark is very useful for our objectives: 

Remarks. Since condition (H) implies for r > 1 that p is nabla differentiable, it follows from 
Lemma[TO]that for the higher-order problem T^^ \ {max T) cannot contain points that are simulta- 
neously right-dense and left-scattered. 

Lemma 11. Assume hypothesis (H) and r > 1. If f : T — > M w two times nabla differentiable, 
then 

f\t)^a^fP{t), f€T,2. 

Proof. From Theorem[3]we know that f^it) - fit) - v(t)f'^{t). Thus, 

f'^(t) = {fit) - v(t)f\t)f = f\t) - v\t)f^P(t) - v{t)f^\t) = f'^Pif) - v\t)f^P(t). 
Since v^{t) - I - ai, we may conclude that f^^it) - aif^P(t) for all t eT^i. 

The next two lemmas are very useful for the proof of our higher-order fundamental lemma 
of the calculus of variations on time scales (Lemma [T6]l. 



Lemma 12. Assume that the time scale T satisfies condition (H) and rj e C^'' is such that 
Tf\b) = 0/or flW / e {0, 1, . . . , r). Then, rf^''\b) = 0/or each / € {1, . . . , r}. 

Proof. If b is left-dense, then the result is trivial (just use Lemma [TTI and the fact that p{b) - b). 
Suppose that b is left-scattered and fix / € { 1 , 2, . . . , r). From item 2 of Theorem |3] we then 
conclude that 

rf{b)^iTf W= ^—-L . 

^ ' v(_b) 

Since if' {b) = and 77^' '(fe) = 0, then 

Lemmafm shows that 

and we conclude that rf^' (b) - 0. 

Lemma 13. Assume that the time scale T satisfies condition (H) and 77 e C^'' is such that 

Tf'(o-''(a))^0, /E{0, l,...,r}. 

Then, 

rf\cr'{a))^Q, / 6 {0, 1, . . . , r - 1). 

Proof. If a is right-dense, the result is trivial. Suppose that a is right-scattered (hence, a-{a) 
is left-scattered). Since p is nabla differentiable, by Remark [8] we cannot have points that are 
simultaneously right-dense and left-scattered. Hence, cr(a), cr^(a), cr'ia), . . ., cr''(a) are left- 
scattered points. By item 2 of Theorem[3] we conclude that 

V-, r, ,, if"\cr'{a))-{if'-'ncr'{a)) >7^"'(^-(fl)) - /7^"'(cr'-'(a)) 
77 (cr (fl)) - = . 



We have if {a-'ia)) = and if " {cr''(a)) = 0. Then, 



if'-\a'-\a))^Q. 



From item 2 of Theorem[3] 



and using the hypothesis of the lemma we conclude that rf' '(cr''"'(fl)) = 0. Since 

V,-, ,_, ^^ 7;^'"(tr'-'(a))-(7;^">(^'-'(a)) i]^'" (cr'-\a)) - ij^''' (cr^-Ha)) 

we obtain 

Repeating recursively this process, we conclude the proof. 

3.1. Fundamental lemmas of the calculus of variations on time scales 

We now present some fundamental lemmas of the calculus of variations on time scales in- 
volving nabla derivatives. This gives answer to a problem posed in [8, §3.2]. In what follows we 
assume that a, b e T, a < b, and T has sufficiently many points in order for all the calculations 
to make sense. 

Lemma 14. Let f e Ci[a,b],R). If 

f{t)jf{t)Vt = for all J] e C\[a, fe], R) such that r]{a) = T]{b) = 

Ja 

then 

f(t)^c ^te[a,bh 

for some c € R. 

Proof. Let c be a constant defined by the condition 

r (/(r)-c)VT = 

Ja 

and let 

?7(0= f {f(T)-c)VT. 
Ja 

Clearly, 77 € C\[a, b],«) (by Theoremgl T]^(t) = f(t) - c) and 

riia)^ I (/(r)-c)VT = and ri{b) ^ I (/(t) - c) Vr = 0. 



Observe that 



(f{T)-c)VT^O and j]ib) ^ I 

a Ja 

f {J{t)-c)rf{t)Vt^ r {f(t)-cfVt 

Ja J a 



and 



Jr*b /-*b /-*b 

(m-c)if{t)Vt^ f{t)Tf{t)^t-c \ rf{t)^t^Q-c(ri(b)-ri{a))^0. 



Hence, 

(f(t) - cf Vf = 



f 

Ja 



which shows, by Proposition |9] that 

/(f) -c = 0, SteiaMK- 
Lemma 15. Let f,g e C{[a,b],W). If 



f 

<Ja 



{mif{t)+g{t)rf{t))Vt^O 

for all 7] e C^([a, b],W) such that r}(a) - T](b) - 0, then g is nabla dijferentiable and 

g'{t)^f{t) ^teWMK- 
Proof. Define A{t) = J^' f{T)VT. Then A^(0 = fit) for all t G [a, b], (by Theorem|6ll and 

r A{t)if{t)Vt = [A(f)77(f)]S - r A\t)if{t)Vt = - r f{t)if{t)Vt 

Ja Ja Ja 

(by property 8 of Theorem[8l). Hence, 

r {f(t)rf(t) + giWit)) Vf = « r (-A(f) + g(t)) if(t)Vt = 0. 

By Lemma[T4lwe may conclude that -A{t)+g{t) - c for all t e [a, Zj];^ and some c e R. Therefore, 
A^(t) - g^{t) for all t e [a, b]ii, proving the desired result: g^{t) - fit) for all t e [a, b]^. 

Remark9. If we consider T = M in Lemmas[T4land[T5l we obtain some well known fundamental 
lemmas of the classical calculus of variations (see, e.g., |11, pp. 10-11]). 

RemarklO. Lemma[T4lremains true if / is of class Cid and the variation // is of class C^^. Similar 
observation holds for LemmafTSl 

We now prove a new and more general fundamental lemma of the calculus of variations. 
Lemma[T6lis used to prove our Euler-Lagrange equation for variational problems on time scales 
involving nabla derivatives of higher-order (TheoremfTTI). 

Lemma 16 (higher-order fundamental lemma of the calculus of variations). Let Tbea time 
scale satisfying condition iH), and f), fi, . . ., f- e Ci[a, b],M.). If 
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Vf = 



for all T] e C ([a, b],M.) such that 



7?(cr'-'(fl)) = 0, 77(fc) = 0, 



7?^'" {c/-\a)) = 0, 77^'" {b) = 0, 



then 



,/ 1 \^ 



2^-1)'- ' /;-^'(0 = 0, fe[fl,/7L,. 



Proof. We prove the lemma by mathematical induction. Ifr- 1, the result is true by LemmafTSl 
Assume now that the result is true for some r,r > 1 . We want to prove that the result is then true 
for r + 1 . Suppose that 



r j]fMrf"'-^''\t) 



Vf = 



for all T] e C^^'^^Kla, b],R) such that 77 (o-'ia)) = 0, i](b) = 0, . . . , 77^' (cr'(a)) = 0, 77^' (&) = 0. We 
must prove that 



r+l 



!=0 



1 \^ 



2(-l)''(-) /i'^'W^O, f€[fl,/7L..>. 



Note that 






and using the integration by parts formula (item 8 of Theorem[8]l 



r ui it) (^^y (ovf = [/.+i (0^^' (o]"* , - r /7,i (o (//^' f (^^'^^^ 

Jo-''(a) Jo-''{a) 



Since 77 (cr''(a)) = and rj (b) - 0, we may conclude that 



By LemmafTTl 



Hence, 



r /.+i(o(77^'y(ovf=- f /7^i(f)(77^')''(ovf. 

Jo-''(a) Jo-''(a) 



'?^'^(0 = (-) ^^'W, fe [«>].-!. 



r /.+i(o('7^'f (ovf=- r 

Jcr'Xa) Jcr' {a 



lY 



fr.i(t)[-\ nm. 
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and 



0-' (a) : I, 



fiW ''(t) 



\ 1=0 



Vf 



Lit 

^o-'(fl) I ,._„ 



/;(fV "MO 



Vf- I .Ci(Ol-] ^''(OVf 



J a-' (a) 



..p"V' 



\i=0 
'(a)(r-l 



Mt) {rff " (0 + iMt) - f^^,(t) - (jfy (t) 



ai 



fl] 



Vf 



/;(o (/f)""^' (0 + \Mt) - fi,{t) ( - 1 1 (ifr it) 



LP' 

Jo-' (a) y^,.^,) 

r' y /(O (^y"^' (0 + [frit) - fl,{t) (-) ) {rf^it) 



Vf 



Vf. 



We now prove that 



y /;(o ('fy"^' (0 + [frit) - fi,{t) - (rfrit) 

is equal to zero. By Theorem|2]the integral ((Sj is equal to 

"r-l 



Vf 



(3) 



Li=0 



For each / e {0, 1 , . . . , r} 



+ l/;.(^-i(fl))-/7^,(^-i(fl))(-) )(;/')^'(^-i(fl)) 



y(^'-+'(fl)). 



(7/'/"^'(cr'+i(a)) = 7/'"'"^V^'(fl)) 

= (fli)'<'+i-')?7^''^'""(cr'-+i(fl)) (byLemmallB 

= (ai)'('+i-')77^'(o-'(fl)) 
= (by Lemma [TsTi 

proving that the integral Q is equal to zero. Then, 



o-'(fl) l,=o 



/iW'f ""(0 



V 1=0 

■b 



Vf 






(0 + i/.(o -/;+!« I -] K^rw 



ai 



Vf. 
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Observe that, 

7f[o-'-^\a)) = 77(0-^(0)) = 

(rff [o-'^^a)) = ai77^(o-'-(a)) = 

and, by Leinma[T2l 

//■(/j) = 

(7/')^(/7) = 

(jff'"(b) = 0. 
Then, by the induction hypothesis, we conclude that 

|(-iy(^) ^ /.^'(O + (-ir(^) ^ (/.(0-/::(0(^)y (0 = 0, .e[«,/,L.., 
which is equivalent to 

r+l . .litn 



I 1 \^"^ 
2(-l)''(-) /;-^'(0 = 0, fe[fl,/7L,. 



/■=0 

Remarkll. The differentiability of functions /o, /i , . . . , /^ is not assumed a priori. 

5.2. Euler-Lagrange equations for higher-order problems 

Before presenting the Euler-Lagrange equation for the variational problem (|P|i, we introduce 
the following definition. 

Definition4. We say that y, e C^''([a, b], K.) is a weak local minimizer (respectively weak local 
maximizer) for problem (|P]l if there exists 6 > such that 

£[y*] < £[y] (respectively £[y.] > £[y]) 

for all y e C^''{[a, b],W) satisfying the boundary conditions in (|P|i and 

Wy-y* \\r.co<d, 
where 

II y ll.,co:= Yj II ^"^' II- 

i=0 

and 

II y |U:= sup I y(t) I . 

t£[a,b],r 
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Remarkl2. Observe that if [a, b] has 2r points, i.e., 

[a,b] = [p^'-'(b),p^'-(b),...,pHb),p(b),b], 
then 



/: 

•jp' 



-CM-)] = r L(f,/(0,/"^(0,...,/^"(0,/'(0)Vf 

Jcr'-'(a) 

L(t,/{t),/"\t),...,f^'"{t),y^\t))Vt 
) 

= 2 L(p\b),/(p'{b)),/"\p\b)), ■ ■ . ,/'(p'W)) [p'ib) - p'^Hb)) 



p'(b) 



L(t,f\t),/' \t), . . .,f^" (/),/' (f))Vf 

1(A) 



i=0 
r-1 



= 2 L(p'(/7), yCp^+'W), (fli)'-- W^"'"' W), ■ ■ ■ , />'(^))) (p' W - P'"' (b)) ■ 



1=0 

Using the boundary conditions in (jP]) and the formula 

t - pit) 

it is then possible to calculate 

y{p'^-{b)),y\p'^'-\b)),...y{p-m 

for all i = 0, 1 , . . . , r - 1 . Therefore, the above integral is constant for every admissible function 
y{-). We conclude that if [a, b] has only 2r points, the problem is trivial (because there is nothing 
to minimize or maximize). For this reason, we are assuming that [a, b] has, at least, 2r + 1 points. 

We are in conditions to prove the following first-order necessary optimality condition for 
problems of the calculus of variations with higher-order nabla derivatives: 

Theorem 17 (Euler-Lagrange equation for problem (jP)). Let T be a time scale satisfying hy- 
pothesis (H), and a,b eT, a < b, with [a,b]r\T containing, at least, 2r+l points. Ify, is a weak 
local extremum (minimizer or maximizer) of problem ©, then y, satisfies the Euler-Lagrange 
equation 

f^i-iy (1 j^ iz, (ty:(t)yr\t), . . .,y:''-\t),yT(t)) = o , 



i=0 

t e [a, b]i^2r. 
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Proof. Suppose that y, is a weak local minimizer (resp. maximizer) for problem (JP)). Let 77 e 
C^''{[a, b],W) be an admissible variation, i.e., 77 is such that 77, rf , . . ., rf' vanish at f = cr''"'(fl) 
and t - b. Defining (/> : M — > K by (p(e) :- £,\yt + erj} it is clear that (p has a minimum (resp. 
maximum) at e = and, therefore, 

f (0) = 0. 

Since 



0(e) = L(f,/(0 + e77^''(0,/"^(0 + e/"^(0, ■ ■ .,y':ii) + eif' \t))Vt , 

Jtr'-l(a) 

5) = 00 yL„,c)/'^'(o 



i(fl) 

then 

Vf = 



where L„. denote the partial derivative of L(t, uo,ui, . . ., Ur) with respect to m, and we write, for 
brevity, 

(.) = (f,/(o,/"V),...,3^'""(o,}'r(o). 

By Lemma [T6l we conclude that 

I \\^ 
y (-!)'■ - Ll(.) = , te {[a, b],),r = [a, b],2. , 

proving the intended result. 

As a straight corollary to Theorem [17] we give the Euler-Lagrange equation for the higher- 
order variational problem of q-calculus: 

Corollary 18 (the q-calculus Euler-Lagrange equation). Fix q > I, T - {q'^ : k e No}. Let 
fl,/? € T such that [a,b'\ contains at least 2r + 1 points. Ify^ is a weak local extremum for the 
correspondent problem (|P]i, then y, satisfies the Euler-Lagrange equation 



Y^i-D'q'^Ll {t,yUq-'t),q'-y:(q'--t), . . . ,q-'yr\q-'t),yT (t)) = 
(=0 

for all t e [q^'^a, b]. 
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